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Abstract. Composites materials are artificially 

created materials that consist of two or more com-

ponents that differ in composition and are separated 

by a pronounced boundary. The development of 

modern composite materials is associated with the 

discovery of high-strength whiskers, with the study 

and use of aluminides and high-strength alloys. At 

present, various composite materials have been de-

veloped and used: fibrous; reinforced with whiskers 

and continuous crystals and fibres of refractory 

compounds and elements; dispersion-hardened ma-

terials; layered materials; alloys with directional 

crystallization of eutectic structures; alloys with in-

termetallic hardening. There are many technologies 

for producing composites: imbibition of reinforcing 

fibres with matrix (base) material; cold pressing of 

components followed by sintering; sediment of the 

matrix by plasma spraying on the hardener, fol-

lowed by compression; batch diffusion welding of 

multilayer tapes of components; joint rolling of re-

inforcing elements with a matrix, and etc. The use 

of composites makes it possible to reduce the weight 

of aircraft, cars, ships, increase the efficiency of en-

gines, and create new constructions with high per-

formance and reliability. The development of com-

posites with high impact resistance is an important 

direction in the industry. The strength characteris-

tics of a layered composite material are decisive un-

der shear loads, loading of the composite in direc-

tions other than the orientation of the layers, and cy-

clic loading. In this paper, we study the non-station-

ary interaction of an absolutely rigid body on a two-

layer reinforced composite material. The action of 

the striker is replaced by a non-stationary vertical 

even distributed load, which changes according to a 

linear function, in the area of initial contact, which 

is assumed to be unchanged over time. 

 

 

In contrast to the previous articles (Parts I and 

II), in this papers there is an investigation of the 

strain-stress state, the fields of the Odquist parame-

ter and normal stresses depending on the material of 

the first (upper) layer. 

Keywords: plane, strain, impact, composite ma-

terial, armed material, reinforced material, elastic-

plastic, deformation. 

 

INTRODUCTION 

 

In order for the composite to have stable 

properties, it is necessary that chemical and me-

chanical compatibility be ensured. Chemical 

compatibility includes thermodynamic and ki-

netic compatibility. Thermodynamic compati-

bility is the ability of the matrix and reinforcing 

elements to be in a state of thermodynamic 

equilibrium for an unlimited time at the temper-

ature of production and operation. A limited 

number of composite materials consisting of 

components that are practically insoluble in 

each other over a wide temperature range are 

thermodynamically compatible under isother-

mal conditions. Most composites consist of 
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thermodynamically incompatible components, 

for which only possible phase equilibria and di-

rection of reactions can be determined from 

phase diagrams. Kinetic compatibility is the 

ability of components to be in a state of meta-

stable equilibrium, controlled by factors such as 

adsorption, diffusion rate, chemical reaction 

rate. Thermodynamically incompatible compo-

nents of the composite in certain temperature-

time intervals using new optimal technologies 

can be kinetically compatible and work quite 

reliably, Mechanical compatibility consists in 

matching the elastic constants, coefficients of 

thermal expansion and plasticity indices of the 

components, allowing to achieve bond strength 

for transferring stresses through the joint 

boundaries of materials. The materials 

steel/metal and glass have fairly good chemical 

and mechanical compatibility. 

In [1, 2], a new approach to solving the prob-

lems of impact and nonstationary interaction in 

the elastoplastic mathematical formulation was 

developed. In these papers like in non-station-

ary problems [3], the action of the striker is re-

placed by a distributed load in the contact area, 

which changes according to a linear law. The 

contact area remains constant. The developed 

elastoplastic formulation makes it possible to 

solve impact problems when the dynamic 

change in the boundary of the contact area is 

considered and based on this the movement of 

the striker as a solid body with a change in the 

penetration speed is taken into account. Also, 

such an elastoplastic formulation makes it pos-

sible to consider the hardening of the material 

in the process of nonstationary and impact in-

teraction.  

The solution of problems for composite cy-

lindrical shells [4], elastic layer [5], were devel-

oped using method of the influence functions. 

In contrast from the work [6], in this paper, 

we investigate the impact process of hard body 

with plane area of its surface on the top of the 

composite beam which consists first thin metal 

layer and second main glass layer. In contrast 

from the works [7, 8], the fields of plastic de-

formations and, stresses were determined for 

different materials of the first top layer of com-

posite base. First top layers made from alumi-

num, titan and steel were investigated. 

PROBLEM FORMULATION AND 

SOLUTION ALGORITHM 

 

Deformations and their increments [1 – 3], 

Odquist parameter, effective and principal 

stresses are obtained from the numerical solu-

tion of the dynamic elastic-plastic interaction 

problem of infinite composite beam 

{ / 2 / 2;L x L    0 ; }y B z       in 

the plane of its cross section in the form of rec-

tangle as in [7, 8]. It is assumed that the stress-

strain state in each cross section of the cylinder 

is the same, close to the plane deformation, and 

therefore it is necessary to solve the equation 

for only one section in the form of a rectangle 

L B    with two layers: first steel layer 
{ / 2 / 2;L x L   ;z    }B h y B    

and second glass layer { / 2 / 2;L x L  

0 ; }y B h z        contacts absolute 

hard half-space { 0}y  . We assume that the 

contact between the lower surface of the first 

metal layer and the upper surface of the second 

glass layer is ideally rigid. 

From above on a body the absolutely rigid 

drummer contacting along a segment { ;x A  

}y B . Its action is replaced by an even dis-

tributed stress P  in the contact region, which 

changes over time as a linear function 

01 02P p p t  . Given the symmetry of the de-

formation process relative to the line 0x  , 

only the right part of the cross section is consid-

ered below (Fig. 1).  

 

 
Fig. 1. Geometric scheme of the problem 

 

 

The equations of the plane dynamic theory 

are considered, for which the components of the 

displacement vector ( , )x yu uu   are related to 

the components of the strain tensor by Cauchy 

relations: 
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The equations of motion of the medium have 

the form: 
2

2

2
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  (1) 

 

where   − material density. 

The boundary and initial conditions of the 

problem have the form: 

 

0,  0 : 0, 0,

/ 2,0 : 0, 0,

0,  0 / 2 :  0, 0,

,  0 :  , 0,

,  / 2 :  0, 0.

x xy

xx xy
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00 0

00 0

0, 0, 0,

0,  0, 0.

x y z tt t

x y z tt t

u u u

u u u

 

 

  

  
  (3) 

The determinant relations of the mechanical 

model are based on the theory of non-isother-

mal plastic flow of the medium with hardening 

under the condition of Huber-Mises fluidity. 

The effects of creep and thermal expansion are 

neglected. Then, considering the components of 

the strain tensor by the sum of its elastic and 

plastic components [9, 10], we obtain expres-

sion for them: 

,  ,

1
.

2

p pe
ij ij ijij ij

e
ij ij

d s d

s K
G

    

  

  

  
  (4) 

here ij ij ijs      – stress tensor deviator; ij  

– Kronecker symbol; Е – modulus of elasticity 

(Young's modulus); G – shear modulus; 

1 (1 2 ) / (3 )K E  , 13K K  – volumetric 

compression modulus, which binds in the ratio 

K     volumetric expansion 3  (thermal 

expansion 0  ); ( ) 3xx yy zz       − 

mean stress; d – some scalar function [11], 

which is determined by the shape of the load 

surface and we assume that this scalar function 

is quadratic function of the stress deviator ijs  

[9 – 11]. 
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The material is strengthened with a harden-

ing factor *  [1 – 3]: 

*

02 0
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  (6) 

where T – temperature;   – Odquist parameter, 

0 20T C , *  – hardening coefficient; 

( )S T  – yield strength after hardening of the 

material at temperature T. 

Rewrite (4) in expanded form: 
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 (7) 
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In contrast to the traditional plane defor-

mation, when ( , ) constzz x y  , for a refined 

description of the deformation of the specimen, 

taking into account the possible increase in lon-

gitudinal elongation zz , we present in its 

form [2, 3, 12]: 

 
0( , ) ,zz zz x yx y x y          (8) 

 

where unknown x  and y  describe the 

bending of the prismatic body (which simulates 

the plane strain state in the solid mechanics) in 

the Ozx and Ozy planes, respectively, and 0
zz  

– the increments according to the detected de-

formation bending along the fibers 0.x y   

The solution algorithm is the same as in 

[7, 8]. 

 

NUMERICAL SOLUTION 

 

The explicit scheme of the finite difference 

method was used with a variable partitioning 

step along the axes Ox (M elements) and Oy (N 

elements). The step between the split points was 

the smallest in the area of the layers contact and 

at the boundaries of the computational domain. 

Since the interaction process is fleeting, this did 

not affect the accuracy in the first thin layer, ar-

eas near the boundaries, and the adequacy of the 

contact interaction modelling. 

The use of finite differences [13] with varia-

ble partition step for wave equations is justified 

in [14], and the accuracy of calculations with an 

error of no more than 

 2 2 2( ) ( ) ( )O x y t     where x , y  and 

t  – increments of variables: spatial x and y 

and time t. A low rate of change in the size of 

the steps of the partition mesh was ensured. The 

time step was constant. 

The resolving system of linear algebraic 

equations with a banded symmetric matrix was 

solved by the Gauss method according to the 

Cholesky scheme. 

In [15], during experiments, compact sam-

ples were destroyed in 21 – 23 ms. The process 

of destruction of compact specimens from a 

material of size and with contact loading as in 

[15] was modelled in a dynamic elastoplastic 

formulation, considering the unloading of the 

material and the growth of a crack according to 

the local criterion of brittle fracture. The sam-

ples were destroyed in 23 ms. This confirms the 

correctness and adequacy of the developed for-

mulation and model. 

Figs. 2 – 29 show the results of calculations 

of two layers specimens with a hardening factor 

of the material * 0,05  . The first high layer 

has made from hard steel and its thickness was 

equal 0.5 mmh  . The second main low layer 

has made from quartz glass. Contact between 

two layers is an ideal. Calculations were made 

at the following parameter values: temperature 

50 CT  ; the size of the contact zone 

2 0.5 mma A  ; 60 mmL  ; 10 mmB  ; 
83.21 10  st   ; 01 8 MPap  ; 02 10 MPap  ; 

62M  ; 100N  . The smallest splitting step 

was 0,005 mm, and the largest 2,6 mm 

min( 0,005 mm ;x   min 0,0 mm1 y   (only the 

first layer); max 2  mm,6x  ; 

max 0,6 mm5 y  ). 

The fields of the Odquist parameter , nor-

mal stresses  and  respectively to alu-

minium shown at the Figs. 2, 5, 8, 11, 14, 17, 

20, 23, 26; respectively to titan shown at the 

Figs. 3, 6, 9, 12, 15, 18, 21, 24, 27; respectively 

to steel shown at the Figs. 4, 7, 10, 13, 16, 19, 

22, 25, 28. 

Figs. 2 – 4, 11 – 13, 20 – 22 show the fields 

of the Odquist parameter  , normal stresses 

xx  and yy  respectively at the time 

6
1 2.57 10  st  . The fields of Odquist parame-

ter , normal stresses  and  respec-

tively are at the Figs. 5 – 7, 14 – 16, 23 – 25 at 

the time 
6

2 3.05 10 st   . Figs. 8 – 10, 17 – 19, 

26 – 28 show the fields of ,  and  re-

spectively at the time 
6

3 3.53 10 st   . 

Below, all the conclusions are made on the 

basis of the studied hard steel and two metals: 

aluminium and titanium. From Figs. 2 – 4, 11 – 

13, 20 – 22 it can be seen that at the beginning 

of the nonlinear process of non-stationary inter-

action, the zone of plastic deformations is larger 


xx yy

 xx yy

 xx yy
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Fig. 2. Odquist parameter  

when  

 
Fig. 3. Odquist parameter  

when  

 
Fig. 4. Odquist parameter  

when  

 
Fig. 5. Odquist parameter  

when  

 
Fig. 6. Odquist parameter  

when  

 
Fig. 7. Odquist parameter  

when 2t t   

 
Fig. 8. Odquist parameter  

when  

 
Fig. 9. Odquist parameter  

 

 
Fig. 10. Odquist parameter  

3t t   

 



1t t



1t t


1t t



2t t



2t t




3t t



3t t
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Fig. 11. Stress  when  

 

Fig. 12. Stress  when  

 

Fig. 13. Stress  when  

 

Fig. 14. Stress  when  

 

Fig. 15. Stress  when  
 

Fig. 16. Stress  when 2t t  

 

Fig. 17. Stress  when  

 

Fig. 18. Stress  when  
 

Fig. 19. Stress  when 3t t  

 

xx 1t t
xx 1t t xx 1t t

xx 2t t xx
2t t

xx

xx 3t t xx
3t t

xx
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Fig. 20. Stress  when  

 

Fig. 21. Stress  when  

 

Fig. 22. Stress  when  

 

Fig. 23. Stress  when  

 

Fig. 24. Stress  when  

 

Fig. 25. Stress  when 2t t  

 

Fig. 26. Stress  when  

 

Fig. 27. Stress  when  
 

Fig. 28. Stress  when 3t t  
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1t t yy

1t t yy
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when the metal of top layer is softer. In this 

case, the largest plastic deformations, normal 

stresses  and  occur in titanium. At the 

moment of time 2t t , in the case of the tita-

nium top layer, the area of summary plastic de-

formation is the largest and covers the entire top 

layer, the smallest area of plastic deformation in 

the steel layer. The largest plastic deformations 

occur precisely in titanium, and the smallest in 

steel. The largest normal stresses occur in the 

aluminium material. As can be seen from Figs. 

8 – 10, 17 – 19, 26 – 28 at the moment of time 

3t t  the smallest area of summary plastic de-

formations occurs in the steel layer, so in steel 

this area is directly under the contact zone of the 

impactor with the upper surface. The value of 

plastic deformation in steel is 6 times less than 

in titanium. The maximum normal stresses oc-

cur in aluminium as well as at the moment of 

time 2t t . Based on the analysis of the ob-

tained results, it can be concluded that in the 

case of soft, more plastic materials, the absolute 

values of occurred normal stresses and sum-

mary plastic deformation are larger. It seems 

reasonable to produce a four-layer composite 

reinforced material, in which the upper thin 

layer will be steel, the third layer from the top 

will be aluminium, and between them there are 

two layers of glass. However, this is a different 

problem that requires numerical simulation and 

research in further investigations. 

 

CONCLUSIONS 

 

The developed methodology of solving dy-

namic contact problems in an elastic-plastic dy-

namic mathematical formulation makes it pos-

sible to model the processes of impact, shock 

and non-stationary contact interaction with the 

elastic composite base more adequately. In this 

work, the process of impact on a two-layer base, 

consisting of an upper thin layer of metal and a 

lower main layer of glass, is adequately mod-

elled. The fields of summary plastic defor-

mations and normal stresses arising in the base 

are calculated depending on the material of top 

layer of the composite base. The results ob-

tained make it possible to design new compo-

site reinforced armed materials. 
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Задача о плоском деформированном со-

стоянии двухслойного тела в динамической 

упругопластической постановке (Часть ІІІ) 

 

Владислав Богданов 

 

Аннотация. Композиционные материалы это 

искусственно созданные материалы, которые со-

стоят из двух или более компонентов, различаю-

щихся по составу и разделенных выраженной 

границей. Развитие современных композицион-

ных материалов непосредственно связано с от-

крытием высокопрочных нитевидных кристал-

лов, разработкой новых армирующих материа-

лов, с исследованиями и применением алюми-

нидов и высокопрочных сплавов. В настоящее 

время разработаны и применяются различные 

композиционные материалы: волокнистые, ар-

мированные нитевидными кристалами и непре-

рывными кристалами и непрерывными волок-

нами тугоплавких соединений и элементов, дис-

персно-упрочненные материалы, слоистые мате-

риалы, сплавы с направленной кристализацией 

эвтектических структур, сплавы с интерметал-

лидным упрочнением. Существует множество 

технологий получения композитов: пропитка ар-

мирующих волокон матричным (основным) ма-

териалом; холодное прессование компонентов с 

последующим спеканием; осаждение матрицы 

плазменным напылением на упрочнитель с по-

следующим обжатием; пакетная диффузионная 

сварка многослойных лент компонентов; сов-

местная прокатка армирующих элементов с мат-

рицей и др. Применение композитов позволяет 

снизить массу летательных аппаратов, автомо-

билей, судов, увеличить Коэффициент полез-

ного действия двигателей, создать новые кон-

струкции, обладающие высокой работоспособ-

ностью и надежностью. Разработка композитов 

с высокой сопротивляемостью ударным нагруз-

кам является важным направлением в промыш-

ленности. Прочностные характеристики слои-

стого композиционного материала являются 

определяющими при сдвиговых нагрузках, 

нагружении композита в направлениях, отлич-

ных от ориентации слоев, и циклических нагру-

жениях. В данной работе исследуется нестацио-

нарное взаимодействие абсолютно твердого 

тела на двухслойный упрочненный композит-

ный материал. Действие ударника заменяется 

нестационарной вертикальной равномерно рас-

пределенной нагрузки, изменяющейся по линей-

ному закону, в области начального контакта, ко-

торый предполагается неизменным с течением 

времени. Предполагается жесткое сцепление 

слоев между собой. Процесс удара моделиро-

вался как нестационарная задача с равномерно 

распределенной нагрузкой в области контакта, 

изменяющейся по линейному закону. В отличие 

от предыдущих статей (часть I и II) в данной ста-

тье исследуется напряженно-деформированное 

состояние, поля параметра Одквиста и нормаль-

ных напряжений в зависимости от толщины пер-

вого (верхнего) слоя. 

Ключевые слова: плоская деформация, удар, 

композитные материалы, армированные матери-

алы, бронированные материалы, упругопласти-
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